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For a prime p, let E.,, and I”,, denote the minus-parts of the Iwasawa invariants of 
an abelian field K. If p > 3, suppose that the conductor of K is prime to p. A simple 
method is presented for proving that ~1~~ =0 and for estimating i, from above. 
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1. INTRODUCTION 
Let K be a finite abelian extension of Q. For a fixed prime p, let A,, 
denote the Iwasawa j.-invariant of the cyclotomic Z,-extension of K. As 
usual, call i, the i-invariant of K, and put j.P = i”; + i”,; , where i.,’ denotes 
the n-invariant of the maximal real subfield of K. 
In [4] the author presented a simple method for obtaining an upper 
bound for j*;, provided the relative class number of K is prime to p. The 
main aim of the present article is to show how this method can be extended 
to another family of fields K, viz. to the fields having conductorf, prime to 
p. As in [4], the method also provides a simple proof for the vanishing of 
the minus-part of the Iwasawa p-invariant of the fields K in question (a 
part of the Ferrero-Washington theorem). 
When studying the J.-invariant of K one may assume without loss of 
generality that ,fK is not divisible by pq, where q = 4 or p according as p = 2 
or p > 2. respectively. Let w denote the Teichmiiller character mod q. Then, 
under this assumption, 2; = C, E ,Y 2 x, where X stands for the set of all odd 
characters of K, distinct from o- ‘, and where A, denotes the A-invariant of 
the Iwasawa power series representing the p-adic L-function L,(s, xw). 
Observe that the conductor of any character x in X is of the form f, = d or 
dq, where (8 p) = 1. 
Using these notations we formulate our result as follows (cf. [4]). 
THEOREM. Let r be a rational integer such that qpr ’ > 2d2. If p = 2 or 3, 
then I., < prP I. [f p > 3 and,f, is prime to p (i.e., ,f, = d), then Au < p”” - ‘)I’. 
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There exists a recent result by Barsky [l] to the effect that if $ = xwp2 
then 1, does not exceed A, too much. This would also give an upper bound 
for i,. If p is large compared with Cr, then it seems that this method would 
lead to the same inequality %n < p”” as the above Theorem. 
It should also be pointed out that Sinnott has found new proofs for the 
Ferrero-Washington theorem, simpler than the original proof and its 
variants (see [S] for one proof). 
2. PRELIMINARIES ON p-ADIC L-FUNCTIONS 
For a character x in A’, let Q,(x) denote the extension of the p-adic field 
Q, generated by the values of x (in a fixed algebraic closure of a,). The 
Iwasawa power seriesf(X, xw) representing the p-adic L-function L&s, xw) 
has its coefficients in the ring of integers, say o, of Q,,(x). To deal with this 
power series we introduce some notation. 
Let G,, denote the multiplicative residue class group mod dqp” (n 3 0). 
Those residue classes u + dqp”Z for which u = I (mod dq) constitute a sub- 
group of order p”, a direct factor of G,, denoted by r,,. This subgroup is 
cyclic, generated by y,,( 1 + dq), where y,,(a) denotes the image of a + dqp”Z 
under the canonical projection G,, --, I-,,. 
Put I,, = (u E Z: 0 < a < dqp”, (a, dp) = 1). For a p-adic integer .Y and for 
II 3 0, let S,,(X) denote the unique rational integer satisfying 0 6 S,(X) < qp” 
and S,,(X) 3 .Y (mod qp”). In the group Z; of p-adic units, let V be the group 
of (p- 1)st roots of 1 ifp>2, and let V= {+I)- ifp=2. Denote by Z’, any 
system of representatives of V mod + 1. 
From the construction of,f(X, xo) in [3] it follows that one may write, 
for n 3 0, 
P” ’ 
f’(x,;C)) c c,,k(l +X)““--” (mod((1 +X)p”-l)~[[X]]) (1) 
k=O 
with 
c,,k = -& 1 UX(U)EO, k=O, l,..., p”- 1, 
(I E [“A 
(2) 
where the sets I,, are defined by 
z,,k = (UE I,,: y,,(u) = I’,( 1 + dq)“}. 
These sets form a partition of I,,. It is easy to see (cf. 16, p. 1201) that 
Z,,k= (.~,I(Clk~)+iqp”:I?E~‘,Odi~d-1,(s,,(cckYI)+iqp”,d)=1~, (3) 
E~-~~MATINC~ THE IWASAWA A-PNARIANT 3 
where rk is a p-adic unit depending upon k. In the present context it is 
important that given any CI E Z; there exists k such that c( = elk appears in 
this expression of Ink. 
In order to prove that jtiX < p” it is sufficient, by (1 ), to find a c,,~ which 
does not lie in p, the maximal ideal of o. To this end we discuss some 
properties of the c,!~. 
Let d> 1. Inserting (3) in (2) and noting that 
‘IL I 
,I;, x(s+iqp”)=O (SEZ) (4) 
[6. p. 1211 we obtain the well-known formula 
( llh = -f 1 “f’i~(s,,(c~~~~)+iqp”), k=O, I,..., p”- 1. (5) 
qtl, ,=,I 
The following lemma contains a crucial idea of the present work. 
LEMMA 1. Let n 2 0 and 0 d k < p” - 1. !f d > 1 and h is an integer prime 
to dp, therl there exists c ,,,, , 0 d h < p” - I. such that 
‘I- I 
hC,,k -X(h) ’ c,,,, = - c c Xk(%~?) + MJ”) [ 
hs,r(%q) +h’ - 
1 (61 ‘, c L’, , = 0 dqp” d ’ 
\ishere [z] denotes the greatest integer ~1. 
Proof: For all a E I,lx, write ha = dqp”[ha/dqp”] + r,. Since y,,(r,) = 
y,,(h) y,,(a), the number r. runs through some I,?,,. Thus, by starting from (2) 
and writing x(r(,)=X(ha) we find that 
hc,,, ~ X(h) ’ c,,,, = -& 1 (ha-r,,)x(a) u E lni 
I ha 
- -rocLi ,,,,, x(a). 3 a 1 
As above, insert (3) in the last expression and then use the identity 
s,,(-~~v)+iqp”=dqp’*-.~,Jcr/;~)-(d-i- l)qp”. By (4) this gives the 
equation of the lemma. 
To be able to apply (5) and (6) we need information about the p-adic 
expansions of ctq. If p = 2 or 3, there is no problem since q = C 1. If p > 3, 
we shall employ the next result proved in [4]. 
LEMMA 2. Suppose that p > 3 and d > 1. Let r E Z satisfy p’ > d. Then 
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there exist (Y E Z; and m E L, 0 < m d r( p - 3)/2, such that, for a suitable 
choice qf V,, 
3. PROOF OF THE THEOREM FOR p > 3 
Let p > 3. As in the Theorem, let f, = d> 1 and suppose that reZ 
satisfies pr > 2d’. Fix II = m + r, elk = dor and V, so that (7) holds true. 
Now since s,,(a,q) = 0 (mod d) for all ‘1 E V,, it follows from (5) that 
P-1 
(‘r,k = -2X(P 
where B’(x) denotes the first generalized Bernoulli number attached to x. 
Consequently, if B’(x) f 0 (mod p) then L’,,~ f 0 (mod p) and so 
j”, < p”’ + r < prf P 1 1’2. 
Suppose that B’(X) = 0 (mod p). Choose y10 E V, so that s,,,((x~~) has its 
maximum value among all s,(z~), q E V,. Moreover, let b be a rational 
integer satisfying 
’ 
In i- r + I 
2P 
m+r+ 1 
(b,dp)= 1, 
ds,,(w,) 
<b< 
dsm(avo) ’ 
(8) 
note that such a h exists because p”’ + r+ ‘/d.y,(wyO) > 2d. Consider the coef- 
ficient c,,,, appearing in Lemma 1. We assume that c,,~ = c,,,, = 0 (mod p) 
and show that this leads to a contradiction. 
In fact, Eq. (6) now gives 
(9) 
where q(q) = bs,(~(q)/p~‘+‘+ ‘. The choices of y10 and b imply that q(q) < 
q( r],) E (l/d, 2/d) whenever q E V, . Set 
u= r/E V*:q(r])E f,J 
1 ( )I 
and define jE.Z by 1 d j<d- 1, bjr -1 (mod d). Then, for all VE V, and 
i= 1, 2,..., d- 1, 
if qEUandi=j, 
otherwise. 
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Hence (9) becomes 
p-ld~’ 
2 ,c, x(i) : +x(j)card(U)-0 (mod ~1. [I (10) 
On the other hand, by writing bi= d[bi/n] + u’, (i = 1, 2,..., d- 1) we find 
that 
<I- I 
d ,JI, X(i) : = h ‘f’ ix(i)-X(h) l “i’ L1’,X(M,,) [I ,=I ,=I 
=(&x(h)- ')dB'(X)-0 (mod PI. 
This implies that (10) contains the required contradiction, since x(j) #O 
and 0 < card(U) < p. So our Theorem is proved in this case. 
4. THE REST OF THE PROOF: EXAMPLES 
Now let p=2 or 3. Write x=80’. where .fi, = rf and I = 0 or 1. Since 
x # w, we have d> 1. 
As in the preceding section, we choose r E Z so that 4~‘~ ’ > 28 and look 
at (5) and (6), this time with n=r- 1, CI~ =d and V, = f 11. Note that 
A- ,(d) = d. 
If r=O and B’(8) f 0 (mod p), then we have, by (5), 
c,~~= -0(qp")B1(8) f  0 (mod p). 
Hence i/ < p’-- ‘. 
There remain the cases in which either t =0 and B’(H) =O (mod p) or 
t = I. In the latter case 6’ is even. Thus in both cases 
‘1’ i&i) = 0 (mod p). (11) 
r=O 
Let us fix h E Z so that 
r-l 
(b. dp)= 1, 
2qp’- ’ 
%</,<--, 
and then choosejEZ so that 1 <j<d- 1 and bj= -1 (mod n). Now 
if i= j, 
if 1 <i<d- 1, i#j. 
6 TAUNO METSliNKYL;i 
Therefore Lemma 1 gives, supposed that c,k = c,h = 0 (mod p), 
+ O(j) = 0 (mod p). 
The same argument as in Section 3 shows, by (1 1 ), that here the left-hand 
side is congruent to 0(j) (mod p). But Q(j) #O so that we have a contradic- 
tion, and the proof is completed. 
Remark. An inspection of the above proof shows that the condition 
9P ’ ’ > 2d2 in the Theorem can be replaced by another condition which 
often leads to a better estimate. Indeed, it suffices to require that Y be an 
integer such that (i) qprP ’ > d and (ii) there exists b E Z satisfying (8) or 
(12) according as p > 3 or p < 3, respectively. From the two examples 
below it is seen that the estimate obtained in this way sometimes may be 
relatively sharp. 
EXAMPLE 1. Let p = 3 and consider the character x = 8~’ with fH = d = 
1 + 2. 3”’ (m 3 1 ). Then (i) and (ii) are fulfilled with r = m + 1; in fact, one 
can take b = 2 in (12). Hence we get 1, < 3”. 
In this case we know the exact value of ir if x = 80 and d is a prime: by 
[2, p. 211 we have E.,+,, = 3” ’ - 1. 
EXAMPLE 2. For p = 2 let x = 00’ with fe = d = 1 + 4”’ (m 3 1). Now it 
suffices to take r = 2nz (here the choice b = 3 works) and so we find that 
I., < 22tn - ‘, 
As above, in this case it is known that jUHcu = 22”’ ’ - 1 if d is a prime. 
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